Introduction
Unlike most dynamic systems, where forces and torques act on rigid bodies at discrete points, the frictional forces on a sliding object are distributed over the region of sliding contact. Controlling the sliding object's motion, therefore, requires a model of these distributed frictional forces and their net effect. The nonlinear model presented in this paper is useful for motion simulation and leads to a linearized model that is used to develop controllers for both straightline and curvilinear motion of the sliding object.
Sliding-object control is potentialIy valuable in cases where it is preferable to move payloads without lifting them. For example, a robot might reposition by sliding jigs or parts that exceed its lifting capacity. In an automated warehouse, heavy goods or racks might be moved on low-friction air cushions rather than by large transport vehicles or fork lifts.
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In both situations the automated system would control the motion of the sliding object through pushing or pulling forces. These sliding techniques would save the expense of providing the automation system with great lifting capability and also contribute to safety since heavy objects need not be raised into the air.
Other work on the motion of sliding objects-see [ 1, 3 , 4, 5, 6, 7] -has focused on qualitative prediction of sliding object motion, classifying stable pushing actions, and path planning. The focus in this paper is on the development of feedback control strategies for tracking arbitrary straightline and curvilinear trajectories. The trajectories which bring the object to the desired position and orientation are presumably generated by a higher level path planner, such as those proposed in the related literature.
The nonlinear sliding-object model presented here is based on Mason's work on friction modeling [ 11. Mason derived formulas for the nonlinear, quasistatic dynamics of sliding objects: the authors proceed further to derive twostate linearized models for both straight-line and curvilinex trajectories, that are useful for performing classical feedback control [2] . Controllers for straight-line and curvilinear motion are then developed, and demonstrated in numeric simulations based on the nonlinear motion model. These controllers use proportional feedback of the object's angular and lateral deviations from the prescribed trajectories, as well as optional integral feedback of the lateral deviation to enforce exact trajectory tracking in spite of mis-modeling or extemal disturbance forces.
Quasi-Static Model of Sliding Motion
This section reviews briefly the mathematical model developed by Mason for the motion of an object sliding on a flat supporting surface. By assuming that all motions and forces are planar, the forces applied to the sliding object produce no moments except perpendicular to the plane of motion. Although Mason's work extends to the case of multiple grasp points and uneven pressure distributions, i n this paper we will assume that the pressure distribution between the object and the supporting surface, and therefore the corresponding distribution of friction forces, is constant. The object's motion is also assumed to be quasi-static (that is, quite slow), meaning that frictional forces are dominant and inertial forces are negligible. the only (:ither moment is that due: to friction, the net frictional moment about x, must be zero as well:
In Figure expressed as v(x) = U ) x (x -xCr). p is the coefficient of dynamic friction and depends on the materials in contact.
The total frictional moment mf about a perpendicular axis passing through the point of contact x,. where the exterior force is applied can then be expressed as
The quasi-static assumption implies that the net moment on the sliding object must be zero at all times. The pushing force imposes no moment about the contact pointx,.. Since
Mason calls this the quasi-static equation, and it imposes a single cclinstraint on the position of the rotation centerx,.,. in the plant:.
The velocity v, of the contact point x, on the object is equal to v, = i w x (xc -Xcr) (4) so that v,. is always perpendicular to the line connectingxc and xcr Conversely, x,, must lie on the line perpendicular to v, and passing through x,: this represents a second constraint on xcr that fully determines its location. x,., lies on the perpendicular to v, at a point that is a root of the
quasi-static equation (3).
The rotation center may therefore be located by conducting a search along the perpendicular tov, from x, Note that the above straight-line approximation of the rotation center loci is similar to, but different from Peshkin's tip line [7] , which is the line traced by the tip of the rotation center locus of all possible pressure distributions as the pushing angle is varied. In a sense, the straight-line approximation discussed here represents a subset of the more general case discussed by Peshkin. For example, applying Peshkin's approach to the case discussed here, for a given pushing angle the rotation center loci would be that rotation center (a single point) corresponding to the case of even pressure distrubution. By varying the pushing angle we would get the rotation center loci of Figure 2 , but this locus is not a straight line, and thus can not be equated with the tip line . By specifying a constant pushing speedv,, one can write
Straight-Line Motion Model
The divergence angle rate 4 can be found by considering the object's instantaneous motion as a pure rotation about a center x,. at distance R from the contact point x,. as in Figure  3: for the lateral deviation d between L , and xc, where rotation centers to the right of v,. correspond to negative values ofR. Finally, the displacement of the contact point x, along the specified direction of travel is represented by the scalar x,
Equations (5), (6) , and (7) As a quick test of this model, Figure 4 (top) shows the modeled response of the object to a constant-direction push using both the nonlinear model, equations (5), (6) , and (7), and the linearized model, equations (S), (9), and (10). The object is represented by successive images of the line segment L, connecting the pushing point to the approximated rotation center locus which is used for both simulations. instantaneous pushing direction. Note that the object begins to "pirouette," as would be expected, as the pushing point marked with an asterisk travels along a straight line. Both models agree for small deflection angles 4 of the object.
Similarly, Figure 4 (bottom) shows the response of the system to a constant local pushing angle@ The object now travels in a circle, though the linearized model again begins to break down as the divergence angle 4 becomes large. Note that a s p approaches infinity, Equation (17) above becomes identical to Equation (1 1). For a large trajectory radius the curvilinear model therefore degenerates to the straight-line model as expected.
Curvilinear Motion Model

Control of Straight-Line Motion
The plant dynamic equation (1 1 The closed-loop poles may be chosen arbitrarily by selecting appropriatek# and k,. Figure 6 shows a typical response, where the closed-loop poles have been chosen to obtain a time constant of 5 seconds and a damping ratio of 0.7. v,, and 1,. are both set to unity, and the images are separated by 2-second intervals.
A more "radical" controller, as in Figure 7 , moves well into the nonlinear region of the plant but still converges to the reference trajectory. In this case the combination of a fast closed-loop time constant (2.5 seconds) and a large initial error in L/ cause the controller to actually "backtrack", 
Control of Curvilinear Motion
Curvilinear motion control is complicated by the constant bias term appearing in the state equations. Note in particular that according to Equation (IS), in steady state withd = 0, the value of 8 must be
This nonzero pushing angle causes the object to rotate as necessary to follow the curvilinear trajectory.
According to Equation ( 
Conclusions
Many robotic manipulation tasks favor sliding a heavy payload on a surface rather thain lifting and moving it. The techniques presented here allow control of sliding motion by sensing and feeding back trajectory deviations as changes in the pushing direction. The feedback laws follow from a linearized model of the object's response to pushing and have where the contact area changes during repositioning, such as when the gripper edge forms a border of the contact area.
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Sliding-object control must accommodate both straightline and curvilinear trajectories in order to support general repositioning maneuvers. This paper includes control laws for both straight-line and circular reference trajectories, which may be combined to perform general motions. The next goal would be to automatically plan the arbitrary repositioning of an object via such motions, perhaps subject to the constraints imposed by obstacles in the environment. 
